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Structure and bases of modular space sequences
(M2k(Γ0(N)))k∈N∗ and (S2k(Γ0(N)))k∈N∗
Part III: Cuspidal spaces
Jean-Christophe Feauveau 1
September 01, 2018
Abstract.
Based on the notion of strong modular form developed in Part I [4], we propose to structure the family
of cuspidal modular form spaces (S2k(Γ0(N)))k∈ N∗ and to determine bases for each of these spaces,
once known bases for the first values of k.
We then apply these theoretical results to explicitly determine bases for space families (S2k(Γ0(N)))k∈ N∗
when 1 ≤ N ≤ 10.
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Classification A.M.S. 2010: 11F11, 11G16, 11F33, 33E05.
1 – Structure and bases of (S2k(Γ(N)))k∈N∗
The purpose of this paragraph is to structure the cuspidal modular form spaces of a given level N , and
to obtain exploitable results to build unitary upper triangular bases for these spaces (S2k(Γ(N)))k∈N∗ .
We write δ2k(N) = dim(S2k(Γ0(N))). Thereafter, B2k(Γ0(N)) = (E
(s)
2k,N )06s6d2k(N)−1 denotes
a M2k(Γ0(N)) unitary upper triangular basis while C2k(Γ0(N)) = (F
(s)
2k,N )16s6δ2k(N) refers to a
S2k(Γ0(N)) unitary upper triangular basis.
Knowing a family (B2k(Γ0(N)))k∈N∗ , we are looking for a family (C2k(Γ0(N)))k∈N∗ . For that, the main
tool remains the strong ∆N modular form, even if this one is not cupsidal.
The application ϕ : S2k(Γ0(N)) → {Φ ∈ S2k+ρN (Γ0(N)) /ν(Φ) > ν(∆)} defined by ϕ(Φ) = ∆NΦ is
clearly an isomorphism, and therefore:
∀k ∈ N∗, ∆NS2k(Γ0(N)) = {Φ ∈ S2k+ρN (Γ0(N)) / ν(Φ) > ν(∆)}. (1)
The isomorphism ϕ leads to the following result.
Lemma I- 1.1. With previous notations, for 2k > 2,
S2k+ρN (Γ0(N)) = V ect(F
(s)
2k+ρN ,N
/ ν(F
(s)
2k+ρN ,N
) 6 ν(∆N ))⊕∆NS2k(Γ0(N)). (2)
In addition, you can choose
∀s ∈ Jν(∆N ) + 1, δ2k(N)K, F
(s)
2k+ρN ,N
= ∆N .F
(s−ν(∆N ))
2k,N . (3)
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The formulae giving the dimensions of the modular spaces and Theorem I-7.1 give the following result.
Lemma I- 1.2. Let N be in N∗, we write down ρN the ∆N weight. For k > 2,
dim(S2k+ρN (Γ0(N)))− dim(S2k(Γ0(N))) = ν(∆N ). (4)
and for k = 1,
dim(S2+ρN (Γ0(N)))− dim(S2(Γ0(N))) = ν(∆N )− 1. (5)
But from lemma III-1.1 we deduce equality
∀k > 1, dim(S2k+ρN (Γ0(N))) = dim(S2k(Γ0(N))) + Card({s / ν(F
(s)
2k+ρN ,N
) 6 ν(∆N )}) (6)
Therefore, if k > 2,
Card({s / ν(F
(s)
2k+ρN ,N
) 6 ν(∆N )}) = ν(∆N ) (7)
and
Card({s / ν(F
(s)
2+ρN ,N
) 6 ν(∆N )}) = ν(∆N )− 1. (8)
From these results on the valuations of the elements of the unitary upper triangular bases, we derive
the following theorem.
Theorem I- 1.1. Let be N ∈ N∗ and, for the whole k > 1, (F
(s)
2k,N )16s6δ2k(N) a S2k(Γ0(N)) unitary
upper triangular basis. So
∀k >
ρN
2
+ 2, ∀s ∈ J1, ν(∆N )K, ν(F
(s)
2k,N ) = s. (9)
In addition, you can choose
∀k >
ρN
2
+ 2, ∀s ∈ J1, ν(∆N )K, F
(s)
2k,N = F
(s)
ρN+4,N
[E
(0)
2,N ]
k−
ρN
2
−2, (10)
where E
(0)
2,N is an element of M2(Γ0(N)) unitary and zero valuation.
The following theorem, a direct consequence of lemma III-1.1 and Theorem III-1.1, enables one to
structure the family (S2k(Γ0(N)))k∈N∗ and to describe the construction of unitary upper triangular
bases.
Theorem I- 1.2. Let N be a positive integer, then
∀k ∈ N, k >
ρN
2
+2, S2k(Γ0(N)) = ∆N .S2k−ρN (Γ0(N))⊕V ect
(
F
(s)
ρN+4,N
[E
(0)
2,N ]
k−
ρN
2
−2 / 1 6 s 6 ν(∆N )
)
.
(11)
Therefore, if k > 2 and k = q ρN2 + r with 2 6 r 6
ρN
2 + 1,
S2k(Γ0(N)) = ∆
q
N .S2r(Γ0(N))
q−1⊕
n=0
∆nN .V ect
(
F
(s)
ρN+4,N
[E
(0)
2,N ]
k−(n+1)
ρN
2
−2 / 1 6 s 6 ν(∆N )
)
. (12)
So, the modular forms ∆N and E
(0)
2,N being known [4, 5], the knowledge
(i) of bases (C2k(Γ0(N)))16k6ρN+1
(ii) of the first ν(∆N ) items of CρN+4(Γ0(N))
provides a set of (C2k(Γ0(N)))k∈N∗ unitary upper triangular bases adapted to (S2k(Γ0(N)))k∈N∗ .
2
2 – From theory to practice
Remember that B2k(Γ0(N)) = (E
(s)
2k,N )06s6d2k(Γ0(N))−1 denotes aM2k(Γ0(N)) unitary upper triangular
basis while C2k(Γ0(N)) = (F
(s)
2k,N )16s6δ2k(Γ0(N)) refers to a S2k(Γ0(N)) unitary upper triangular basis
we are looking for.
Like Theorem I-7.3 for spaces (M2k(Γ0(N)))k∈N∗ , Theorem III-1.2 enables one recursively or ex-
plicitly determining bases of (S2k(Γ0(N)))k∈N∗ . Instead of redoing Part II work to get the bases
(B2k(Γ0(N)))n∈N∗ , we will rely on knowledge of these bases to determine bases (C2k(Γ0(N)))n∈N∗ when
1 6 N 6 10. This is the subject of the following result.
Lemma I- 2.1. Let k0 ∈ N
∗ and (F
(s)
2k0,N
)16s6δk0 (N) a S2k0(Γ0(N)) unitary upper triangular basis. So
(i) For 1 6 s 6 δk0(N), and an integer k > k0, F
(s)
2k0,N
.B2(k−k0)(Γ0(N)) is a linearly independent and
unitary upper triangular family of S2k(Γ0(N)).
(ii) For an integer k > k0, if dim(S2k(Γ0(N))) = dim(M2(k−k0)(Γ0(N))) + dim(S2k0(Γ0(N))) − 1,
then
(
F
(u)
2k0,N
[E
(0)
2,N ]
k−k0 , 1 6 u 6 δk0(N)− 1
)
∪ F
(δk0 (N))
2k0,N
.B2(k−k0)(Γ0(N)) is a S2k(Γ0(N)) uni-
tary upper triangular basis.
(iii) If there is k0 > 1 for which the condition (ii) applies to k ∈ {k0 + i, 1 6 i 6 6}, then the result
(ii) is true for all k > k0. We can then choose for any k > k0:
C2k(Γ0(N)) =
(
F
(u)
2k0,N
[E
(0)
2,N ]
k−k0 , 1 6 u 6 δk0(N)− 1
)
∪ F
(δk0 (N))
2k0,N
.B2(k−k0)(Γ0(N)).
Proof.
(i) The result comes directly from the properties of B2(k−k0)(Γ0(N)) basis.
(ii) Family
(
F
(u)
2k0,N
[E
(0)
2,N ]
k−k0 , 1 6 u 6 δk0(N)− 1
)
∪ F
(δ0(N))
2k0,N
.B2(k−k0)(Γ0(N)) is linearly indepen-
dent and unitary upper triangular in S2k(Γ0(N)). It also contains exactly (S2k(Γ0(N))) elements,
so it is a space basis.
(iii) For k > k0 the ϕ : k 7→ dim(S2k(Γ0(N))) − dim(M2(k−k0)(Γ0(N))) is 6-periodic, it is a direct
consequence of the formulae giving the modular space dimensions [16]. The assumption (iii)
requires this function to be constant, starting from k = k0 + 1. We can then apply (ii) to any
k > k0.
We will systematically use this result for 1 6 N 6 10. For N other than 7 and 10, it will come
δk0(N) = 1 whereas for N = 7 and N = 10, we will have δk0(N) = 3. Note that there are values of N
for which the situation (iii) does not occur for any value of k0, N = 26 for example.
Verification of the condition on dimensions indicated in (ii) is possible thanks to the space dimension
formulae reminded in Part I, and for the following paragraph, using SAGE.
Other approaches are possible. By noting, for example, that the function ∆(Nτ) belongs to S12(Γ0(N)).
We will not use this remark in the following.
3
3 – Structure and bases of (S2k(Γ0(N)))k∈N∗, 1 6 N 6 10
For a given level 1 6 N 6 10, the application of Theorem III-1.2 is based on knowledge of the
((F
(s)
2k,N )16s6δ(N)) for 1 6 k 6
1
2ρN + 1 and (FρN+4,N (s))16s6ν(∆N ).
The determination of these bases will be based on lemma III-2.1. When cupsidal forms are missing to
complete a base, we will remember that the space S2k(Γ0(N)) is included in M2k(Γ0(N)) of which we
know a basis from [5]. An effective strategy will be to remind the bases of M2k(Γ0(N) obtained for
the first k values then, thanks to a asymptotic expansion obtained by SAGE, we express the elements
F
(s)
2k,N searched in the known B2k(Γ0(N)) = (E
(s)
2k,N )06s6d2k(Γ0(N))−1 basis.
As was the case in Part II, we will try to produce bases expressing itself according to the function of
Dedekind η and, as often as possible, according to the elliptic functions  and ˜, see [5]. The reference
variable τ belongs to the Poincaré half plane H and we put q = e2ipiτ .
3.1 – Structure and bases of (S2k(Γ0(1)))k∈N∗
The strong modular unit that structures this set of spaces is ∆1 = ∆.
Let us remind the first values of δ2k(Γ0(1)):
2k 2 4 6 8 10 12 14 16 18
δ2k(Γ0(1)) 0 0 0 0 0 1 0 1 1
As a reminder, you can choose{
E
(0)
2k,1 = E
k/2
4 si k ∈ 2N
∗
E
(0)
2k,1 = E
(k−3)/2
4 E6 si k ∈ 2N
∗ + 1.
Remember that Eisenstein functions E4 and E6 are written according to ˜.
For k = 6q + r > 2, 1 6 r 6 6, a M2k(Γ0(1)) unitary upper triangular basis B2k(Γ0(1)) is given by
(∆nE
(0)
2k−12n,1)06n6q−1 if r = 1
(∆nE
(0)
2k−12n,1)06n6q if 2 6 r 6 5
(∆q+1) ∪ (∆nE
(0)
2k−12n,1)06n6q if r = 6.
This basis is unitary, unitary upper triangular without jump and is expressed in terms of ˜.
The generator for S12(Γ0(1)) is:
F
(1)
12,1 = ∆(τ) = q
+∞∏
k=1
(1− qk)24 =
1
256
(
˜
(
1
2
, τ
)
˜
(τ
2
, τ
)
˜
(
τ + 1
2
, τ + 1
))2
. (13)
This result is obtained, for example, with the factorization of ˜. We can also notice that the right
member is in M12(Γ0(1)) and the first two terms of his asymptotic expansion coincide with those of ∆.
For k ∈ J7, 12K, dim(S2k(Γ0(1)))− dim(M2(k−6)(Γ0(1))) = 0 = dim(S12(Γ0(1)))− 1.
In application of lemma III-2.1, for k0 =6, the generic form of a S2k(Γ0(1)) unitary upper triangular
basis C2k(Γ0(1)) is:
∀k > 6, C2k(Γ0(1)) = F
(1)
12,1B2k−12(Γ0(1)).
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3.2 – Structure and bases of (S2k(Γ0(2)))k∈N∗
The modular form that structures this set of spaces is defined as follows:
∆2(τ) = η(2τ)
16η(τ)−8 =
1
256
˜(
1
2
, τ)2 = q + 8q2 + 28q3 + 64q4 +O(q5). (14)
Let us remind the first values of δ2k(Γ0(2)):
2k 2 4 6 8 10 12 14 16 18
δ2k(Γ0(2)) 0 0 0 1 1 2 2 3 3
We determined a M2(Γ0(2)) unitary upper triangular basis: E
(0)
2,2 = −3  (τ, 2τ).
We have a M4(Γ0(2)) unitary upper triangular basis:
E
(0)
4,2(τ) = [E
(0)
4,2(τ)]
2 = 9(τ, 2τ)2 = 1 + 48q + 624q2 + 1344q3 + 5232q4 +O(q5).
E
(1)
4,2(τ) = ∆2(τ) =
1
256
˜(
1
2
, τ)2 = q + 8q2 + 28q3 + 64q4 +O(q5)
This basis provides the generator of the first non-trivial cupsidal space, S8(Γ0(2)):
F
(1)
8,2 = [E
(0)
4,2 − 64E
(1)
4,2 ]E
(1)
4,2
= q
+∞∏
k=1
(1 − qk)8(1− q2k)8
= q − 8q2 + 12q3 + 64q4 − 210q5 − 96q6 + 1016q7 +O(q8))
We also have the representation F
(1)
8,2 =
1
256 ˜(
1
2 , τ)
2˜(τ, 2τ)2, which justifies the previous factorized
form. Indeed, both components of the product are in M4(Γ0(2)), cusps behavior is easily verified with
Weierstrass representation. As a η-product, this result is well known elsewhere, see [7] and [12] for
example.
For k ∈ J5, 10K, dim(S2k(Γ0(2)))− dim(M2(k−4)(Γ0(2))) = 0 = dim(S8(Γ0(2)))− 1.
In application of lemma III-2.1, for k0 = 4, the generic form of a S2k(Γ0(2)) unitary upper triangular
basis C2k(Γ0(2)) is:
∀k > 4, C2k(Γ0(2)) = F
(1)
8,2B2k−8(Γ0(2)).
3.3 – Structure and bases of (S2k(Γ0(3)))k∈N∗
The modular form ∆3 ∈M6(Γ0(3)) that structures this set of spaces is:
∆3(τ) = η(3τ)
18η(τ)−6
= q2
+∞∏
k=1
(1 − q3k)18
(1− qk)6
= q2 + 6 q3 + 27 q4 + 80 q5 + 207 q6 + 432 q7 + 863 q8 + 1512 q9 +O(q10)
For k ∈ N∗, let us note (F
(r)
2k,3)16r6δ2k(Γ0(3)) a S2k(Γ0(3)) unitary upper triangular basis. Let us remind
the first values of δ2k(Γ0(3)):
2k 2 4 6 8 10 12 14 16 18 20
δ2k(Γ0(3)) 0 0 1 1 2 3 3 4 5 5
5
The unitary generator of S6(Γ0(3)) must be in M6(Γ0(3)) and thanks to the asymptotic expansion of
F
(1)
6,3 given by SAGE, we get:
F
(1)
6,3 (τ) = E
(1)
6,3 − 27E
(2)
6,3 .
For k ∈ J4, 9K, dim(S2k(Γ0(3)))− dim(M2(k−3)(Γ0(3))) = 0 = dim(S6(Γ0(3)))− 1.
In application of lemma III-2.1, for k0 =3, the generic form of a S2k(Γ0(3)) unitary upper triangular
basis C2k(Γ0(3)) is:
∀k > 3, C2k(Γ0(3)) = F
(1)
6,3B2k−6(Γ0(3)).
3.4 – Structure and bases of (S2k(Γ0(4)))k∈N∗
The modular form that structures this set of spaces is ∆4 defined as follows:
∆4(τ) = η(4τ)
8η(2τ)−4 = −
1
16
˜(
1
2
, 2τ) ∈M2(Γ0(4)).
The first dimension table of (S2k(Γ0(4)))k∈N∗ :
2k 2 4 6 8 10 12 14 16
δ2k(Γ0(4)) 0 0 1 2 3 4 5 6
SAGE indicates F
(1)
4,6 (τ) = q − 12 q
3 + 54 q5 − 88 q7 +O
(
q8
)
.
One poses
E
(0)
2,4 = ˜(τ, 2τ)
=
+∞∏
k=1
(1 − qn)8
(1− q2n)4
= 1− 8q + 24q2 + 32q3 + 24q4 − 48q5 + 96q6 +O(q7).
E
(1)
2,4 = ∆4 = −
1
16
˜(
1
2
, 2τ)
= q
+∞∏
k=1
(1− q4n)8
(1− q2n)4
= q + 4q3 + 6q5 + 8q7 + 13q9 +O(q11).
A M2k(Γ0(4)) unitary upper triangular basis is given by:
B2k(Γ0(4)) =
(
[E
(0)
2,4 ]
a[E
(1)
2,4 ]
b, with (a, b) ∈ N2 such that a+ b = k
)
.
Thus B6(Γ0(4)) = (E
(0)
4,6 , E
(1)
4,6 , E
(2)
4,6 , E
(3)
4,6) = ([E
(0)
2,4 ]
3, [E
(0)
2,4 ]
2[E
(0)
2,4 ], [E
(0)
2,4 ][E
(0)
2,4 ]
2, [E
(0)
2,4 ]
3) which
identifies the unitary generator of S6(Γ0(4)):
F
(1)
6,4 = E
(1)
6,4 + 16E
(2)
6,4
= E
(0)
2,4E
(1)
2,4 [E
(0)
2,4 + 16E
(1)
2,4 ]
= q − 12q3 + 54q5 − 88q7 − 99q9 +O(q11).
For k ∈ J4, 9K, dim(S2k(Γ0(4)))− dim(M2(k−3)(Γ0(4))) = 0 = dim(S6(Γ0(4)))− 1.
In application of lemma III-2.1, for k0 =3, the generic form of a S2k(Γ0(4)) unitary upper triangular
basis C2k(Γ0(4)) is:
∀k > 3, C2k(Γ0(4)) = F
(1)
6,4B2k−6(Γ0(4))
6
3.5 – Structure and bases of (M2k(Γ0(5)))k∈N∗
The strong modular unit that structures the modular spaces is:
∆5(τ) = η(5τ)
10η(τ)−2 =
1
16
((τ, 5τ)− (2τ, 5τ))2 = q2
+∞∏
n=1
(
1− q5n
)10
(1− qn)
2 ∈M4(Γ0(5)).
The table of the dimensions of the first spaces:
2k 2 4 6 8 10 12 14 16
δ2k(Γ0(5)) 0 1 1 3 3 5 5 7
We remind the functions generating first spaces M2k(Γ0(5)).
The standard M2(Γ0(5)) generator
E
(0)
2,5 = −
3
2
((τ, 5τ) + (2τ, 5τ))
A M4(Γ0(5)) unitary upper triangular basis
E
(0)
4,5(τ) = [E
(0)
2,5 ]
2 =
9
4
((τ, 5τ) + (2τ, 5τ))
2
E
(1)
4,5(τ) =
1
48
(
9((τ, 5τ) + (2τ, 5τ))
2
− 12
(
(
1
2
, 5τ)2 + (
5τ
2
, 5τ)2 + (
1
2
, 5τ)(
5τ
2
, 5τ)
))
E
(2)
4,5(τ) = ∆5(τ) =
1
16
((τ, 5τ)− (2τ, 5τ))2
The asymptotic expansion of the unitary generator of S4(Γ0(5)) given by SAGE (F
(1)
4,5 = q−4q
2+O(q3))
enables one to identify thanks to the previous basis:
F
(1)
4,5 = E
(1)
4,5 − 10E
(2)
4,5 .
For k ∈ J3, 8K, dim(S2k(Γ0(5)))− dim(M2(k−2)(Γ0(5))) = 0 = dim(S4(Γ0(5)))− 1.
In application of lemma III-2.1, for k0 = 2, the generic form of a S2k(Γ0(5)) unitary upper triangular
basis C2k(Γ0(5)) is:
∀k > 2, C2k(Γ0(5)) = F
(1)
4,5B2k−4(Γ0(5)).
3.6 – Structure and bases of (M2k(Γ0(6)))k∈N∗
We know that
∆6(τ) =
η(τ)2η(6τ)12
η(2τ)4η(3τ)6
∈M2(Γ0(6))
= q2
+∞∏
k=1
(1 − qk)2(1− q6k)12
(1 − q2k)4(1 − q3k)6
(15)
The dimensions of the first spaces (M2k(Γ0(6)))k∈N∗ are shown in the following table:
2k 2 4 6 8 10 12 14 16
δ2k(Γ0(6)) 0 1 3 5 7 9 11 13
7
We remind the M2(Γ0(6)) unitary upper triangular basis obtained in Part II:
E
(0)
2,6(τ) = −3(τ, 2τ)
= 1 + 24q + 24q2 + 96q3 + 24q4 + 144q5 + 96q6 + 192 ∗ q7 +O(q8)
E
(1)
2,6(τ) = −
1
4
((τ, 2τ)− (τ, 3τ))
= q − q2 + 7q3 − 5q4 + 6q5 + 5q6 + 8q7 +O(q8)
E
(2)
2,6(τ) = ∆6(τ) = q
2
+∞∏
k=1
(1− qk)2(1 − q6k)12
(1− q2k)4(1 − q3k)6
=
η(τ)2η(6τ)12
η(2τ)4η(3τ)6
=
1
48
(
3  (τ, 2τ)− 8  (τ, 3τ) +
5∑
k=1
(kτ, 6τ)
)
= q2 − 2q3 + 3q4 − q6 + 7q8 − 8q9 + 6q10 +O(q11)
The asymptotic expansion of the S4(Γ0(6)) unitary generator enables one to identify thanks to the
previous basis:
F
(1)
4,6 = E
(1)
4,6 − 25E
(2)
4,6 + 540E
(3)
4,6 + 864E
(4)
4,6.
For k ∈ J3, 8K, dim(S2k(Γ0(6)))− dim(M2(k−2)(Γ0(6))) = 0 = dim(S4(Γ0(6)))− 1.
In application of lemma III-2.1, for k0 = 2, the generic form of a S2k(Γ0(6)) unitary upper triangular
basis C2k(Γ0(6)) is:
∀k > 2, C2k(Γ0(6)) = F
(1)
4,6B2k−4(Γ0(6))
3.7 – Structure and bases of (M2k(Γ0(7)))k∈N∗
The strong modular unit of level 7 is:
∆7(τ) = η(τ)
−2η(7τ)14 = q4
+∞∏
n=1
(1− q7n)14
(1− qn)2
∈M6(Γ0(7)).
The dimensions of the first spaces (M2k(Γ0(7)))k∈N∗ are given in the following table:
2k 2 4 6 8 10 12 14 16
δ2k(Γ0(7)) 0 1 3 3 5 7 7 9
A generator of M2(Γ0(7)) is given by the generic formula:
E
(0)
2,7(τ) = −
3∑
k=1
(kτ, 7τ)
We remind a M4(Γ0(7)) unitary upper triangular basis:
E
(0)
4,7(τ) = [E
(0)
2,7 ]
2 =
(
3∑
k=1
(kτ, 7τ)
)2
E
(1)
4,7(τ) =
1
8
( 3∑
k=1
(kτ, 7τ)
)2
− 3
(
(
1
2
, 7τ)2 + (
7τ
2
, 7τ)2 + (
1
2
, 7τ)(
7τ
2
, 7τ)
)
E
(2)
4,7(τ) =
1
32
3 3∑
k=1
(kτ, 7τ)2 −
(
3∑
k=1
(kτ, 7τ)
)2
8
The asymptotic expansion of the S4(Γ0(7)) unitary generator enables one to identify thanks to the
previous database:
F
(1)
4,7 = E
(1)
4,7 − 6E
(2)
4,7 .
We could hope to apply lemma III-2.1 as before. But if the equality C2k(Γ0(7)) = F
(1)
4,7B2k−4(Γ0(7)) is
true when k is not a multiple of 3, it becomes false when 3 divides k: the space dimensions indicates
that two items are missing from the C2k(Γ0(7)) basis.
We must then go back to Theorem I-8.2. which requires knowing a S6(Γ0(7)) basis, and for this we
remind the M6(Γ0(7)) unitary upper triangular basis found in Part II.
E
(0)
6,7(τ) = [E
(0)
2,7 ]
3
= 1 + 12q + 84q2 + 400q3 + 1476q4 + 4392q5 + 11184q6 + 24780q7 + 49668q8 +O(q9)
E
(1)
6,7(τ) = E
(0)
2,7E
(1)
4,7
= q + 9 ∗ q2 + 48 ∗ q3 + 181 ∗ q4 + 546 ∗ q5 + 1392 ∗ q6 + 3067 ∗ q7 + 6081 ∗ q8 +O(q9)
E
(2)
6,7(τ) = E
(0)
2,7E
(2)
4,7
= q2 + 7q3 + 32q4 + 95q5 + 241q6 + 503q7 + 1017q8 +O(q9)
E
(3)
6,7(τ) = −
1
128
(2  (τ, 7τ)− (2τ, 7τ)− (3τ, 7τ))(2  (2τ, 7τ)− (τ, 7τ)− (3τ, 7τ))
(2  (3τ, 7τ)− (τ, 7τ)− (2τ, 7τ))
E
(4)
6,7(τ) = ∆7(τ) = q
4
+∞∏
n=1
(1− q7n)14
(1− qn)2
Asymptotic expansions from a S4(Γ0(7)) basis found by SAGE, and the F
(1)
6,7 element easily accessible
lead to the following basis:
F
(1)
6,7 = F
(1)
4,7E
(0)
2,7 = E
(1)
6,7 − 6E
(2)
2,7
F
(2)
6,7 = E
(2)
6,7 − 49E
(4)
2,7
F
(3)
6,7 = E
(3)
6,7 −
13
2
E
(4)
2,7
For k ∈ J4, 9K, dim(S2k(Γ0(7)))− dim(M2(k−2)(Γ0(7))) = 2 = dim(S4(Γ0(7)))− 1.
In application of lemma III-2.1, for k0 =3, the generic form of a S2k(Γ0(7)) unitary upper triangular
basis C2k(Γ0(7)) is:
∀k > 3, C2k(Γ0(7)) = (F
(1)
6,7 [E
(0)
2,7 ]
k−3, F
(2)
6,7 [E
(0)
2,7 ]
k−3) ∪ F
(3)
6,7B2k−6(Γ0(7)).
Finally, for k > 1, thanks to arguments similar to those developed in lemma III-2.1, we can also give
the generic form of a S2k(Γ0(7)) unitary upper triangular basis C6k+2(Γ0(7)) in the form:
C6k+2(Γ0(7)) = F
(1)
4,7B6k−2(Γ0(7))
C6k+4(Γ0(7)) = F
(1)
4,7B6k(Γ0(7))
C6k+6(Γ0(7)) = (F
(1)
6,7 [E
(0)
2,7 ]
3k, F
(2)
6,7 [E
(0)
2,7 ]
3k) ∪ F
(3)
6,7B6k(Γ0(7)).
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3.8 – Structure and bases of (M2k(Γ0(8)))k∈N∗
The dimensions of the first spaces (S2k(Γ0(8)))k∈N∗ are as follows:
2k 2 4 6 8 10 12 14 16
δ2k(Γ0(8)) 0 1 3 5 7 9 11 13
The structure here is very simple since ∆8(τ) = ∆4(2τ) ∈M2(Γ0(8)).
A M2(Γ0(8)) unitary upper triangular basis consisting of modular units (not strong, except one):
E
(0)
2,8(τ) = ˜(τ, 2τ)
= η(τ)8η(2τ)−4 =
+∞∏
k=1
(1− qn)8
(1− q2n)4
= 1− 8q + 24q2 − 32q3 + 24q4 − 48q5 + 96q6 − 64q7 + 24q8 +O(q9).
E
(1)
2,8(τ) = −
1
16
˜(
1
2
, 2τ)
= ∆4(τ) = η(2τ)
−4η(4τ)8 = q
+∞∏
k=1
(1 − q4n)8
(1 − q2n)4
= q + 4q3 + 6q5 + 8q7 + 13q9 +O(q10).
E
(2)
2,8(τ) = −
1
16
˜(
1
2
, 4τ)
= ∆8(τ) = η(4τ)
−4η(8τ)8 = q2
+∞∏
k=1
(1− q8n)8
(1− q4n)4
= q2 + 4q6 +O(q10).
We also need a M4(Γ0(8)) basis:
B4(Γ0(8)) = (E
(0)
4,8 , E
(1)
4,8 , E
(2)
4,8 , E
(3)
4,8 , E
(4)
4,8) =
(
[E
(0)
2,8 ]
2, E
(0)
2,8E
(1)
2,8 , E
(0)
2,8E
(2)
2,8 , E
(1)
2,8E
(2)
2,8 , E
(2)
2,8E
(2)
2,8
)
.
Still by an asymptotic expansion, we obtain the unitary generator of S4(Γ0(8)):
F
(1)
4,8 = E
(1)
4,8 + 8E
(2)
4,8 + 32E
(3)
4,8 − 128E
(4)
4,8 .
For k ∈ J3, 8K, dim(S2k(Γ0(8)))− dim(M2(k−2)(Γ0(8))) = 0 = dim(S4(Γ0(8)))− 1.
In application of lemma III-2.1, for k0 = 2, the generic form of a S2k(Γ0(8)) unitary upper triangular
basis C2k(Γ0(8)) is:
∀k > 2, C2k(Γ0(8)) = F
(1)
4,8B2k−4(Γ0(8)).
3.9 – Structure and bases of (M2k(Γ0(9)))k∈N∗
Let us remind the first values of δ2k(Γ0(9)):
2k 2 4 6 8 10 12 14 16
δ2k(Γ0(9)) 0 1 3 5 7 9 11 13
A M2(Γ0(9)) unitary upper triangular basis:
E
(0)
2,9 = 3(3τ, 9τ)
= 1 + 12q3 + 36q6 + 12q9 + 84q12 + 72q15 +O(q18)
E
(1)
2,9 = −
1
4
((τ, 3τ)− (3τ, 9τ))
= q + 3q2 + 7q4 + 6q5 + 8q7 + 15q8 +O(q10)
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E
(2)
2,9 = ∆9(τ) = η(9τ)
6η(3τ)−2
= q2
+∞∏
k=1
(
1− q9k
)6
(1− q3k)
2
= q2 + 2q5 + 5q8 + 4q11 + 8q14 +O(q17)
We also need a M4(Γ0(9)) unitary upper triangular basis given by:
B4(Γ0(9)) = (E
(0)
4,9 , E
(1)
4,9 , E
(2)
4,9 , E
(3)
4,9 , E
(4)
4,9) =
(
[E
(0)
2,9 ]
2, E
(0)
2,9E
(1)
2,9 , E
(0)
2,9E
(2)
2,9 , E
(1)
2,9E
(2)
2,9 , E
(2)
2,9E
(2)
2,9
)
.
Still by an asymptotic expansion, we obtain the unitary generator of S4(Γ0(9)):
F
(1)
4,9 = E
(1)
4,9 − 3E
(2)
4,8 − 27E
(4)
4,8 .
For k ∈ J3, 8K, dim(S2k(Γ0(9)))− dim(M2(k−2)(Γ0(9))) = 0 = dim(S4(Γ0(9)))− 1.
In application of lemma III-2.1, for k0 = 2, the generic form of a S2k(Γ0(9)) unitary upper triangular
basis C2k(Γ0(9)) is:
∀k > 2, C2k(Γ0(9)) = F
(1)
4,9B2k−4(Γ0(9)).
3.10 – Structure and bases of (M2k(Γ0(10)))k∈N∗
Let us remind the first values of δ2k(Γ0(10)):
2k 2 4 6 8 10 12 14 16
δ2k(Γ0(10)) 0 3 5 9 11 15 17 21
We get the following M2(Γ0(10)) unitary upper triangular basis.
E
(0)
2,10 = −3(5τ, 10τ)
E
(1)
2,10 = −
1
8
((τ, 2τ)− (5τ, 10τ))
E
(2)
2,10 =
1
16
((τ, 2τ)− 2(τ, 5τ)− 2(2τ, 5τ) + 3(5τ, 10τ))
We also need a M4(Γ0(10)) unitary upper triangular basis.
E
(0)
4,10 = [E
(0)
2,10]
2
E
(1)
4,10 = E
(0)
2,10E
(1)
2,10
E
(2)
4,10 = E
(0)
2,10E
(2)
2,10
E
(3)
4,10 = E
(1)
2,10E
(2)
2,10
E
(4)
4,10 = [E
(2)
2,10]
2
E
(5)
4,10 = ∆2(5τ) =
1
256
˜(
1
2
, 5τ)2
E
(6)
4,10 = ∆10(τ) = η(τ)
2η(2τ)−4η(5τ)−10η(10τ)20
We then obtain thanks to the identification of the asymptotic expansions:
F
(1)
4,10 = E
(1)
4,10 − E
(2)
4,10 − 4E
(3)
4,10 + 2E
(4)
4,10 + 16E
(5)
4,10 − 40E
(6)
4,10
F
(2)
4,10 = E
(2)
4,10 − 7E
(4)
4,10 + 4E
(5)
4,10 + 40E
(6)
4,10
11
F
(3)
4,10 = E
(3)
4,10 − 3E
(4)
4,10 − 8E
(5)
4,10 + 20E
(6)
4,10
For k ∈ J3, 8K, dim(S2k(Γ0(10)))− dim(M2(k−2)(Γ0(10))) = 2 = dim(S4(Γ0(10)))− 1.
In application of lemma III-2.1, for k0 = 2, the generic form of a S2k(Γ0(10)) unitary upper triangular
basis C2k(Γ0(10)) is:
∀k > 2, C2k(Γ0(10)) = (F
(1)
4,10[E
(0)
2,10]
k−2, F
(2)
4,10[E
(0)
2,10]
k−2) ∪ F
(3)
4,10B2k−4(Γ0(10)).
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